We describe a visual recognition system operating on a hand-held device, based on a video-based feature descriptor, and characterize its invariance and discriminative properties. Feature selection and tracking are performed in real-time, and used to train a template-based classifier during a capture phase prompted by the user. During normal operation, the system scores objects in the field of view based on their ranking. Severe resource constraints have prompted a re-evaluation of existing algorithms improving their performance (accuracy and robustness) as well as computational efficiency. We motivate the design choices in the implementation with a characterization of the stability properties of local invariant detectors, and of the conditions under which a template-based descriptor is optimal. The analysis also highlights the role of time as "weak supervisor" during training, which we exploit in our implementation.
Introduction
We tackle the problem of recognizing objects and scenes from images, given example views. The difficulty of this problem is the large nuisance variability that the data can exhibit, depending on the vantage point, visibility conditions (occlusions), illumination, etc. under which the object is seen, even if it does not exhibit intrinsic variability. The analysis in [1] suggests that the nuisances induce almost all the variability in the data, and what remains (the dependency of the data on the object) is supported on a thin set. The most common approach to this problem is to eliminate some of the nuisances by pre-processing the data (to obtain "distinctive" and yet "insensitive" features), and to "learn away" the residual nuisance variability, often using a training set of manually labeled images. Both practices are poorly grounded in principle: Pre-processing does not, in general, improve the performance in a classification task (cfr. the data processing inequality [2] ); Training a classifier using unrelated images (aiming to approximate independent samples from the class-conditional distribution) brings into question the fact that there is a scene out there, and limit the classifier to learning generic regularities in images. It can be shown that, when a collection of passively gathered independent snapshots are used as training set, not only is the worst-case error in a visual recognition problem at chance level (i.e. the risk is the same that is offered by the prior), but so is the average case [3] . This is not the case, however, when the training data consists of purposefully captured images during an active exploration phase [4] .
In this paper we propose a different approach to recognition, grounded in the ideas of Active Vision [5, 6] and Actionable Information [4] , whereby the training set consists not of isolated snapshots, such as photo collections harvested from the web, but of temporally coherent sequences of images where the user is free to move around an object or manipulate it. Even if the objects are static, it can be shown that the presence of video results in quantifiably superior recognition performance in a single (test) image. More importantly, the issue of representation is well grounded in the presence of multiple images of the same scene, and temporal continuity provides the crucial "bit" that the images in the training set are of the same scene, and therefore all the variability in the data is ascribed to the nuisances.
Contrary to common perception, building repre-sentations of objects from video for the purpose of recognition is not only a more sound process, but it is also more computationally efficient. In fact, the descriptor we propose is far more efficient to compute than common descriptors computed from single images, and has better discriminative and invariance properties. To show that, we both derive our representation from first principles -demanding that our descriptor be the "best" among a chosen class tied to the classifier -and empirically compute the performance of the resulting recognition scheme, comparing it with popular baseline algorithms. We will also make our implementation available for others to try on their mobile phones, so our results can be independently validated.
We describe our implementation in Section 3, and the analysis that motivates the design choices in Section 2. We start from the most general visual decision task (detection, localization, recognition, categorization etc.) and abstract it to a binary hypothesis testing problem, to highlight the crucial issue of representation (Section 2). While standard statistical decision theory trivializes representational issues, our goal is to design sufficient statistics that reduce the complexity of the decision at run-time as much as possible, while having the least impact on the optimality of the decision. Thus, we start from the notion of complete invariant statistics, and show how a classifier can be constructed based on them. We characterize the dependency of these statistics on nuisance factors via the notion of bounded-input-boundedoutput (BIBO) stability, as well as structural stability. We show that these concepts enable reducing the marginalization process -where nuisances such as viewpoint, illumination, partial occlusions would have to be integrated-out at decision time -to a combinatorial decision, that can be tested in real-time even on severely resource-constrained hand-held platforms.
Our approach also highlights the importance of time in recognition problems. This is currently under-played in favor of hand-labeled training data, but time can effectively act as a "weak supervisor" in visual recognition, and we attempt to tap on that role.
Relation to prior work
Our effort relates to a wealth of recent work on visual recognition, localization and categorization represented, for instance, in the PASCAL challenge (see [7] for references). Our effort to run in realtime relates to [8, 9] although the constraints of a hand-held device limit the class of methods to much simpler classifiers, such as nearest neighbors and TF-IDF [10] . Rather than tinkering with the classifier, we focus on representation as the core issue. Modules of our system relate to multi-scale feature selection, tracking, local descriptors, and bag-of-features classification, specifically on baseline algorithms [11, 12, 13, 14] that we first intended to "dumb-down" to fit a hand-held platform, but ended up improving instead. We propose a method to integrate multi-scale detection and tracking that does not involve joint location-scale optimization [15] , but explicitly accounts for topological changes across scales. This approach (dubbed "tracking on the selection tree", TST) respects the semi-group stucture of scaling/quantization, and is motivated by the "structural stability" of the selection process. This improves accuracy and robustness while making tracking more efficient. We also replace traditional single-view descriptors [13, 16, 17] with a template that is designed to be optimal in the mean-square sense, under conditions described in Section 2, dubbed "best template" descriptor (BTD). Unlike approaches that simulate nuisance variability in the training set from a single image [9, 18] , we exploit the real nuisance distribution by tracking frames during learning. Our contributions in this manuscript involve the tracker, TST (Section 2.6), the descriptor, BTD (Section 2.8), the analysis that motivates them (Section 2), and the implementation on a mobile device (Section 3).
Representation
This section motivates our algorithm design choices via analysis of an abstraction of the recognition problem. The reader interested in just the algorithmic aspect of the system can skip ahead to Section 3.
Assumptions and conventions
A grayscale image I : Ω ⊂ R 2 → R + ; x → I(x) is generated by a scene ξ = {S, ρ} ∈ Ξ of piecewise smooth (multiply-connected) surfaces S ⊂ R 3 and albedo ρ : S → R k . Nuisances {g, ν} are divided into those that are a group g ∈ G (contrast transformations, local changes of viewpoint) and a noninvertible map ν (quantization, occlusions). Deviations from this model (non-diffuse reflectance, mutual illumination, cast shadows, sensor noise) are not represented explicitly and lumped as an additive error n: I = h(gξ, ν) + n.
As abstract "visual recognition" tasks we consider classifications (detection, localization, categorization and recognition) that boil down to learning and evaluating the likelihood p(I|c) of a class c that affects the data via a Markov chain c → ξ → I. For simplicity we only consider the binary symmetric 0-1 loss c ∈ {0, 1} and prior P (c) = 1 2 . To compute p(I|c), one could either marginalize (MAP) the hidden variables ξ, ν, g, which requires knowledge of the priors dP (ξ|c), dP (ν) and dP (g), or max-out (ML) the nuisances (assuming uninformative priors).
Features and templates
MAP and ML require costly computations at decision time, incompatible with real-time operation on a hand-held. Thus, we restrict the family of classifiers to nearest-neighbors and focus on the optimal representationÎ c :
The templateÎ c can be any statistic (function) of the training data {I k } K k=1 ∼ p(I|c). A feature φ(I) is any statistic that does not require label knowledge or access to the training set. The distance · * can be defined in terms of a feature,
This approach does not generally enjoy the properties of the Bayes and ML discriminants [2] , so two questions are critical: What is the "best" templateÎ c , and how can it be computed from the training set? (Section 2.2.1.) Are there conditions when the best template yields optimal classification? (Section 2.3.) We answer these in order.
What is the "best" template?
The "best" template is the one that induces the smallest expected distance for each class. It depends on the distance function (or, more in general, the classifier); for the Euclidean case we havê
that is solved by the class-conditional mean and approximated by the sample mean using the training setÎ
where the priors g k ∼ dP (g), ν k ∼ dP (ν), ξ k ∼ dQ c (ξ) act as importance distributions. Of course, the averaging operation entails a loss of discriminative power, so the BTD is only "best" relative to the choice of classifier. Different classifiers yield different best templates. Even within nearest neighbors, different distances result in different statistics. We use either the mean (corresponding to a choice of 2 norm) or the median (corresponding to 1 ). As an alternative, one could aggregate the distribution over time and compute the mode(s), or retain the entire distribution, but that would cause the comparison to be more involved. Different instantiations of this approach, corresponding to different groups G, scene models Ξ, and nuisances ν, yield Geometric Blur [16] , where the priors dP (g) are not learned but sampled in a neighborhood of the identity, and DAISY [17] . Rather than designing the priors dP (g), dP (ν) to compute the integral in eq. (2), we will sample them, relying on the active user and video data captured during the training procedure.
Relationship between template-based and optimal classification
The relationship between a template-based nearest neighbor and a classifier based on the likelihood proper, is not straightforward, even if the class is a singleton (so it could, in principle, be captured by a single "template" if there were no nuisances). The marginalized likelihood, assuming a normal density for the additive residual n, is
On the other hand, the nearest-neighbor templatebased classifier would instead try to maximize
The quantity bracketed is the blurred template computed in eq. (2) . It is independent of the nuisance not because it has been marginalized or maxouted, but because it has been "averaged out" or "smeared" all over the data.
The case of group nuisances
In the case of group nuisances we can compute the distance on the quotient, I −Î I/G . = φ(I) − φ(Î) and avoid blurring-out the group in the template, which yields an optimal (equi-variant) classifier (thm. 2).
Note that we have implicitly assumed that φ acts linearly on the space I, lest we would have to consider φ(I), rather than φ(Î). Comparing this with the bracketed quantity in eq. (4) shows that, whenever possible, group nuisances should be factored out in a template-based approach. If all the nuisances have the structure of a group, a templatebased nearest-neighbor is an equi-variant decision rule and achieves optimality [2] . Indeed, in [1] it is shown that this can be done for contrast and viewpoint away from visibility artifacts, and we have
which is what we will define as a "complete feature." Unfortunately, not all nuisances are groups, an issue we address in Section 2.4. Until then, we describe how to design features φ for group nuisances.
Canonized representations
In this section we illustrate how to design features for group nuisances that are guaranteed to retain optimality in the decision. The basic idea is that a group G acting on a space Ξ organizes it into orbits, [ξ] . = {gξ ∀ g ∈ G} each orbit being an equivalence class (reflexive, symmetric, transitive) representable with any one element along the orbit. Of all possible choices of representatives, we are looking for one that is canonical, in the sense that it can be determined uniquely and consistently for each orbit. This corresponds to cutting a section (or base) of the orbit space. All considerations (defining a base measure, distributions, discriminant functions) can be restricted to the base, which is now independent of the group G and effectively represents the quotient space I/G. An alternative (but it is really the same thing) is to use the entire orbit [ξ] as an invariant representation, and then define distances and discriminant functions among orbits, for instance via max-out, d(ξ 1 ,ξ 2 ) = min g1,g2 g 1 ξ, g 2 ξ . The name of the game in canonization is to design a functionalcalled feature selector -that chooses a canonical representative for a certain nuisance g that is insensitive to (ideally independent of) other nuisances.
We will discuss the issue of interaction of nuisances in canonization in the next section. Before doing so, however, we introduce some nomenclature. A feature φ : I → R F (any deterministic function of the data taking values in some vector space) I → φ(I) is G-invariant if φ•h(gξ, ν) = φ•h(ξ, ν), ∀ g ∈ G and ξ, ν in the appropriate spaces. In other words, a feature is a function of the data that does not depend on the nuisance group. A trivial example of an invariant feature is any constant function. For group nuisances we can define a complete (a.k.a. "discriminative" or "sufficient" or "distinctive") feature as one that captures the entire orbit: referring to eq. (1) with ν = 0 (we will address ν = 0 in Section 2.4) we have that φ :
. In other words, a complete feature is one that, in the absence of other nuisances, spans an entire orbit of the group. Note that for a feature to be complete, we must have F = dim(Ξ): The dimensionality of the feature has to be the same as the dimensionality of the scene. A complete invariant feature is the ideal canonical template, in the sense that it captures everything that is in the data but for the effect of G. Thus we define the canonical representativê ξ as
One of many ways to design an invariant feature is to use the data I to "fix" a particular group elementĝ(I), and then "undo" it from the data. If the data does not allow fixing a group elementĝ, it means it is already invariant to G. Therefore, we define a (co-variant) feature detector to be a functional designed to choose a particular group action g, from which we can easily design an invariant feature, or template, also often referred to as an invariant (feature) descriptor. Note that both the detector and the descriptor are deterministic functions of the data, hence both are features.
The equation ψ(I, g) = 0 uniquely determines a group elementĝ =ĝ(I), and (ii)
1 Note that we drop the subscript c and the superscript from the template since φ(Îc) is invariant to G regardless of the class c, and it is a sufficient statistic, with no approximation, when ν = 0.
The first condition (i) can be expressed in terms of "transversality" [19] of the operator ψ: i.e., it is equivalent to the Jacobian being non-singular:
We say that the image I is G-canonizable (is canonizable with respect to the group G), andĝ ∈ G is the canonical element, if there exists a covariant detector ψ such that ψ(I,ĝ) = 0. Depending on ψ, the statistic may be local, i.e. only depend on I(x), x ∈ B ⊂ Ω on a subset of the image domain B; with an abuse of nomenclature, we say that the region B is canonizable. The transversality condition eq. (7) guarantees thatĝ is an isolated (Morse) critical point [20] of the derivative of the function ψ via the Implicit Function theorem [19] . So a co-variant detector is a statistic (a feature) that "extracts" an isolated group elementĝ. With a co-variant detector we can easily construct a complete invariant descriptor as follows: For a given co-variant detector ψ that fixes a canonical elementĝ via ψ(I,ĝ(I)) = 0 we call the statistic
a canonized descriptor. The following results are proven in the appendix.
Theorem 1 (Canonized descriptors are complete invariants). Let ψ be a co-variant detector. Then the corresponding canonized descriptor eq. (8) is a complete invariant statistic.
2.3.1. Invariant descriptors without co-variant detectors Canonization is not the only way to design complete invariant features. For instance, the curvature of the level lines -or its dual, the gradient direction -is a complete contrast-invariant which does not require a detector. Indeed, even the first condition in the definition of a co-variant detector is not necessary in order to define an invariant descriptor: Assume that the image I is such that for any functional ψ, the equation ψ(I, g) = 0 does not uniquely determineĝ =ĝ(I). That means that |∇ψ| = 0 for all ψ, and therefore all statistics already (locally) invariant to G. More in general, where the structure of the image allows a stable and repeatable detection of a reference frameĝ, this can be inverted and canonized φ(I) = I •ĝ −1 . Where the image does not support the detection of a frameĝ , it means that the image itself is already invariant to G.
The definition of canonizability, and its requirement thatĝ be an isolated critical point, would appear to exclude edges and ridges, and in general co-dimension one critical loci that are not Morse. However, this is not the case, because the definition of critical point depends on the group G, which can include discrete groups (thus capturing the notion of "periodic structures," or "regular texture") and sub-groups of the ordinary translation group, for instance planar translation along a given direction, capturing the notion of "edge" or "ridge" in the orthogonal direction. In any case, when we are able to design a complete invariant, it is a good thing.
The use of canonization to design invariant descriptors requires the image to support "reliable" (in the sense of def. 1) co-variant detection. Based on the discussion above, it is clear that the challenge in canonization is not when the co-variant detector is unreliable, for that implies the image is already "insensitive" to the action of G. Instead, the challenge is when the covariant detector reliably detects the wrong canonical elementĝ, for instance where there are multiple repeated structures that are locally indistinguishable, as is often the case in cluttered scenes. We will come back to this issue in Section 2.5. For now, the good news is that, when canonization works, it simplifies visual classification by eliminating the group nuisance without any loss of performance.
Theorem 2 (When is a template optimal?). If a complete G-invariant descriptorξ = φ(I) can be constructed, a classifier based on the classconditional distribution dP (ξ|c) attains the same risk as one based on the likelihood p(I|c).
So far we have assumed that the non-group nuisance is absent, i.e. ν = 0, or that, more generally, the canonization procedure for g is independent of ν, or "commutes" with ν, in a sense that we will make precise in def. 2. This is true for some nuisances, but not for others, even if they have the structure of a group, as we see in the next section.
In the next section we show what groups can be canonized.
Interaction of invertible and non-invertible nuisances
The previous section described canonization of the group nuisance g ∈ G in the absence of other nuisances ν = 0. In general, this is not the case because some nuisances are clearly not invertible (occlusions, quantization, additive noise), and therefore they cannot be canonized. What is worse, with or without canonization, one can simply not construct a complete invariant to occlusions or to quantization. In this section, we deal with the interaction between invertible and non-invertible nuisances, so we relax the condition ν = 0 and describe feature detectors that "commute" with ν. The only subgroup of G that has this property is the isometric group of the plane. Other nuisances, groups or not, have to be dealt with by marginalization or extremization even if they have non-informative priors.
We now relax the condition ν = 0; the maps
say that the group nuisance g commutes with the (non-group) nuisance ν.
Definition 2 (Commutative nuisance).
A group nuisance g ∈ G commutes with a (non-group) nuisance ν if
Note that commutativity does not coincide with invertibility: A nuisance can be invertible, and yet not commutative (e.g. the scaling group does not commute with quantization), although vice-versa any commutative nuisance must be invertible (it must be a group).
For a nuisance to be canonizable (i.e. eliminated via pre-processing without loss of discriminative power) it has to be invertible and commutative. The following theorem, proved in the appendix, shows that this is the case only for the isometric group of the plane. While it is common, following the literature on scale selection, to canonize it, scale is actually not canonizable, so the selection of a single representative scale is not advisable. Instead, a description of a region of an image at all scales should be considered, since scale in a quantized domain is a semi-group, rather than a group.
Note that, per theorem 2, only for canonizable nuisances can we design an equi-variant classifier via a co-variant detector and invariant descriptor. All other nuisances should be handled via marginalization or extremization in order to retain optimality (minimum risk). As a corollary, the affine group, and in particular its scaling sub-group, cannot be eliminated in the representation without a loss of discriminative power. This is unlike what [15] prescribes, and [13] uses, since they did not include quantization in their analysis. The additive residual n(x) does not pose a significant problem in the context of quantization since it is assumed to be spatially stationary and white/zero-mean, so quantization actually reduces the noise level:
Instead, the other important nuisance to understand is occlusion. Planar rotations commute with occlusions and quantization. But, rather than using a co-variant detector as a canonization mechanism [13] , we use the projection of the gravity vector onto the image plane. While translation commutes with quantization, it does not commute with occlusion, and therefore it should be marginalized or eliminated at decision time. Following the analysis in [21] , with probability one a translation-co-variant detector yields isolated (Morse) critical points x i ∈ Ω. Therefore, marginalization/max-out at decision time reduces to a combinatorial hypothesis test (Section 2.6). In this sense, we say that translation is locally canonizable. The next section takes this analysis one step closer to implementation.
Definition 3 (Local Canonizability
). An image is locally canonizable with respect to a group G if it is a Morse function of g ∈ G. That is, the function I • g has isolated critical points when considered as a function of g.
The description of an image around each x i at each scale σ j can be made invariant to translation, unless the region of size σ j around x i intersects the occlusion domain D ⊂ Ω, which is a binary choice that can only be made at decision time, not by preprocessing [22] .
So, although strictly speaking translation is not canonizable, we will refer to its treatment as local canonization modulo a selection process to determine whether the region around the canonical representative is subject to occlusion.
Designing feature detectors
Proper design of a feature detector consists of canonizing the canonizable nuisances in a way that is the least "sensitive" to the non-invertible ones. Sensitivity is traditionally captured by the notion of (BIBO) stability. Unfortunately, this is not meaningful in the context of recognition, and indeed we show in the appendix that any co-variant detector as defined in def. 1 is necessarily BIBO stable. Instead, we introduce a different notion of stability that is relevant to recognition [23] .
Definition 4 (Structural Stability). A G-covariant detector ψ | ψ(I,ĝ(I)) = 0 is Structurally Stable if small perturbations δν preserve the rank of the Jacobian matrix eq. (7):
∂ν δν. In other words, a detector is structurally stable if small perturbations do not cause singularities in canonization. We define the maximum norm of the nuisance that does not cause a singularity in the detection mechanism the structural stability margin, which we use to rank features in Section 3:
Example 1 (Translation-scale group). Consider the set of images, approximated by a sum of Gaussians according to [24] . The image is then represented by the centers of the Gaussians, µ i , their covariance σ 2 i and the amplitudes α i , so that
. Consider a detection mechanism that finds the extremaĝ = {x, σ} of the image convolved with a Gaussian centered atx, with standard deviation σ: ψ(I,ĝ) = I * ∇G(x −x; σ 2 ) = 0. Among all extrema, consider the twox 1 ,x 2 that are closest. Without loss of generality, modulo a reordering of the indices, let µ 1 and µ 2 be the "true" extrema of the original image. In generalx 1 = µ 1 andx 2 = µ 2 . Let the distance between µ 1 and µ 2 be d = |µ 2 − µ 1 |, and the distance between the detected extrema bed = |x 2 −x 1 |. Translations along the image plane do not alter the structural properties of the detector (d does not change). However, translations orthogonal to the image plane do. These can be represented by the scaling group σ, and in generald =d(σ) is a function of σ that starts atd = d when σ = 0 and becomesd = 0 when σ = σ * , i.e. when the two extrema merge in the scale-space. In this case, δ * = σ * is the structural stability margin. It can be computed analytically for simple cases of Gaussian sums, or it can be visualized as customary in the scale-space literature. It is the maximum perturbation that can be applied to a nuisance that does not produce bifurcations of the detector. Note that one could also compute the structural stability margin using Morse's Lemma, or the statistics of the detector (e.g., the second-moment matrix). Finally, the literature on Persistent Topology [25, 26, 27] also provides methods to quantify the life-span of structures, which can be used as a proxy of structural stability margin. Indeed, the notion of structural stability proposed above is a special case of persistent topology.
A sound feature detector is one that identifies Morse critical points in G that are as far as possible from singularities. Structural instabilities correspond to aliasing errors, or improper sampling, where spurious extrema in the detector ψ arise that do not correspond to extrema in the underlying signal (the scene radiance). Proper sampling depends on the detector functional ψ, that in the presence of quantization depends on the scale σ (the area of the support of the quantization kernel). Thus the ideal detector is one that choosesĝ that is as far as possible from singularities in the locusĝ |ψ(I,ĝ) = 0. The selection of canonical frames according to this principle is described in the next section.
Note that a canonical frameĝ is often called a "feature point" or "keypoint" (or "corner"), an inappropriate nomenclature unless G is restricted to the translation group. Note also that one should not confuse a (canonical reference) frameĝ from a (video) frame, which is an image I t that is part of a sequence {I t } T t=1 obtained sequentially in time. Which "frame" we are referring to should be clear from the context.
Proper Sampling and Correspondence
In traditional signal processing, proper sampling refers to regular sampling at twice the Nyquist frequency. This is irrelevant in recognition, where the task is not to reconstruct an exact copy of some "true" image (the scene radiance). A more appropriate condition of proper sampling would be for a feature detector ψ(I,ĝ) = 0 for the location-scale group g = {x, σ} to be topologically equivalent to the "true" image ψ(h(ξ, 0),ĝ) = 0. In other words, an image is properly sampled if any covariant detector operating on the image (irradiance) yields identical results that if it was operating on the scene (radiance). The attributed reeb tree (ART) introduced in [1] is a maximal contrast-viewpoint invariant away from occlusions, 2 so the outcomê g = {x i , σ} of any feature detector ψ(I,ĝ) = 0 operating at a scale σ can be written in terms of the ART :
Thus proper sampling can be tested by comparing the ART computed on the image and, if it was possible, the ART computed on the scene radiance, a statement that can be summarized as follows:
In principle, any number of efficient techniques for critical point detection [28] could be used to compute the ART and test for proper sampling. Unfortunately, we do not have access to the "true" image h(ξ, 0) (the scene radiance). Unlike classical sampling theory, 3 there is no "critical frequency" beyond which one is guaranteed success, because of the scaling/quantization phenomenon.
However, under the Lambertian assumption, topological equivalence between an image and the scene is equivalent to topological equivalence between different images of the same scene, for instance the next image I t+1 (x). This concept highlights the critical importance of framing the recognition problem, and in particular the training phase, in an active setting, and of using video in place of isolated snapshots.
Definition 5 (Proper Sampling). We say that a signal {I t } T t=1 is properly sampled at scale σ at time t if the ART of (I t * G(x; σ 2 )) is equal to that of (I t+1 * G(x; σ 2 )).
Of course, occlusions yield a signal that is not properly sampled, which leads to failure of the combinatorial matching test of two local invariant features at decision time, which is precisely what we want. In other words, a signal is properly sampled in space and time if the feature detection mechanism is topologically consistent in adjacent times at a specific scale. Note that in the complete absence of motion, proper sampling cannot be ascertained. However, complete absence of motion is only real when one has one image, as a continuous capture device will always have some motion (or even noise) making two adjacent images different, and therefore the notion of topological consistency over time meaningful, since extrema due to noise will not be consistent. This, again, points to the critical importance of using video during training, as opposed to isolated snapshots. Note that the position of extrema will in general change due to both the feature detection mechanism, and also the inter-frame motion. Again, what matters in the context of actionable information is the structural integrity (stability) of the detection process, i.e. its topology, rather than the actual position (geometry). If a catastrophic event happens between time t and t + 1, for instance the fact that an extremum at scale σ splits or merges with other extrema, then tracking cannot be performed, and instead the entire ART s have to be compared across all scales in a complete graph matching problem. For this reason, we introduce the following definition of trackability.
Definition 6 (Trackability).
A region of the image I | B is trackable if there exists a scale σ at which it can be properly sampled.
Remark 1 (Occlusions).
We first note that occlusions do, in general, alter the topology of the feature detection mechanism, hence the ART . Therefore, they cannot be properly sampled. This is not surprising, as occlusions are not trackable, reflecting the fact that correspondence cannot be established for regions that are visible in one image (either I t or I t+1 ) but not the other [22] .
Following standard scale-space theory, in the absence of occlusions, for any signal I, we conjecture that 4 there exists a large enough scale σ such that I is properly sampled at σ. This is because, following scale-space theory [15] , at a large enough scale extrema will coalesce, and eventually quantization phenomena become irrelevant. Thus scale-space diffusion is equivalent to an "anti-aliasing" procedure, as customary in classical sampling theory. The next conjecture establishes that anti-aliasing in space can lead to proper sampling in time: Also, assuming continuity and a sufficiently slow motion relative to the temporal sampling frequency, there exists a large-enough scale σ max such that the video signal is properly sampled at that scale. This is relevant because, typically, temporal sampling is performed at a fixed rate, and we do not want to perform temporal anti-aliasing by artificially motionblurring the images, as this would destroy spatial structures in the image. Note, however, that once a large enough scale is found, so correspondence is established at the scale σ max , the motionĝ t computed at that scale can be compensated, and therefore the (back-warped) images I t •ĝ −1 t can now be properly sampled at a scale σ ≤ σ max . This procedure can be iterated, until a minimum σ min can be found beyond which no topological consistency is found. Note that σ min may be smaller than the native resolution of the sensor, leading to a super-resolution phenomenon [29] . Note also that this makes sense in the explorative framework of Actionable Information [4] , where one can make σ min smaller and smaller by getting closer and closer to objects of interest in the scene.
This analysis is the basis of our integrated approach to selection and tracking, dubbed tracking on the selection tree (TST), whereby one first selects structurally stable features via proper sampling. The structural stability margin determines the neighborhood in the next image where independent selection is to be performed. If the procedure yields precisely one detection in this neighborhood, topology is preserved, and proper spatiotemporal sampling is achieved. Otherwise, a topological change has occurred, and the track is broken. This procedure is performed first at the coarsest level, and then propagated at finer scales by Figure 1 : Tracking on the selection tree. The approach we advocate only provides motion estimates at the terminal branches (finest scale); tThe motion estimated at inner branches is used to back-warp the images so large motion would yield properly-sampled signals at finer scales (top left). As an alternative, the motion estimated at inner branches can also be returned, together with their corresponding scale (top right). Traditional multi-scale detection and tracking, on the other hand, first "flattens" all selections down to the finest level (dashed vertical downwards lines), then for all these points consider the entire multi-scale cone above (shown only for one point for clarity). As a result, multiple extrema at inconsistent locations in scale-space are involved in providing coarse-scale initialization (bottom left). Motion estimates at a scale finer than the native selection scale (thinner green ellipse), rather than improving the estimates, degrade them because of the contributions from spurious extrema (blue ellipses). Motion estimates (bottom right) are shown. (blue = TST, green = multi-scale Lucas-Kanade (MLK)).
compensating for the estimated motion, and then re-selecting at the finer scales. Note that this procedure, described in more detail in the next section, is different from multi-scale Lucas-Kanade, where each feature detected at the finest scale is tracked at all coarser scales. In this framework, feature selection is initiated at each scale, in the region backwarped from coarser scales. The algorithm TST is described in Table 1 , and illustrated in Figure 1 .
Tracking on the selection tree
The goal of tracking is to provide (similarity) reference framesĝ ij = {x i , σ ij , R ij }, centered at x i , with size σ ij and orientation R ij . This is required for learning the optimal template for recognition (unless one is willing to hand-label a large number of image regions at the pixel level). On the other hand, tracking is a special case of recognition, a particularly simple one considering that we only have an affine frameĝ, and therefore in Section 3 we can afford to use a particularly simple scheme. Specifically, we assume that, because of temporal continuity, 5 the class label c is constant with high probability. In this sense, time acts as a "supervisor" or a "labeling device" that provides ground-truth training data. The local frames g k now must be codetected in adjacent images. Therefore, the notion of structural stability and "sufficient separation" of extrema depends not just on the spatial scale, but also on the temporal scale. For instance, if two 5-pixel blobs are separated by 10 pixels, they are not sufficiently separated for tracking under a 20-pixel inter-frame motion.
Thus the ability to track depends on proper sampling in both space and time. This suggests the approach to multi-scale tracking used in Section 3:
1. Construct a spatial scale-space, until the signal is properly sampled in time. This is generally guaranteed as diffusion will eventually make the signal arbitrarily low-pass. 2. Estimate motion at the coarser scale, with whatever feature tracking/motion estimation/optical flow algorithm one wishes to use. We use the simplest, [11] in Section 3. This is now possible because the proper sampling condition is satisfied both in space and time. 3. Propagate the estimated motion in the region determined by the detector to the next scale. At the next scale, there may be only one selected region in the corresponding frame, or there may be more (or none), as there can be singular perturbations (bifurcations, births and deaths). 4. For each region selected at the next scale, repeat the process from 2.
Note that only the terminal branches of the selection scale-space provide an estimate of the framê g, whereas the hidden branches are used only to initialize the lower branches, to make the back-warped signal properly sampled. Alternatively, one can report each motion estimate at the native selection scale (Figure 1 top right) . This is different than multi-scale tracking as traditionally done, whereby features are selected at multiple scales, then the scale-space is flattened (dashed line in Figure 1 top  right) , and then each of the resulting feature points (now the nomenclature of "point" is appropriate, as scale has been removed from the detected frames) are tracked in scale-space. This is what is done in the multi-scale version of [11] described in [12] and implemented in OpenCV [31] , illustrated in Figure 1 (bottom left) .
We call this tracking on the selection tree (TST), because it is based on proper sampling conditions and tracking is performed at each native selection scale. Not only is the proper algorithm more accurate, but it is also faster because it avoids computations up and down the multi-scale pyramid where it is not necessary and where, because of improper sampling, it is detrimental due to aliasing errors. Indeed, note that the "second-moment-matrix" test commonly used for tracking [11, 32] , even if performed at each scale, cannot be relied upon to reject features that cannot be tracked. This is because it is possible, and indeed typical, that due to singular perturbations, the region passes the secondmoment test (e.g. Harris' [33] ) at each scale, but not because the feature of interest is trackable, but because additional features have appeared in the new scale (Figure 1 right) .
Note that once active exploration has been performed at least once, and is encoded in the training set, classification can be performed on a snapshot datum (Section 3.3), for instance a single picture.
Local invariant frames
From the previous section we have that translation is locally canonizable within an unoccluded domain. In Section 3 we first find multiple canonical representatives for translation, then sort in order of separation from other extrema to guarantee (local) structural stability; scale is not canonizable in the presence of quantization. Instead, the scalequantization semi-group can be sampled at multiple scales starting from the native resolution of the sensor. Three options are possible at this point: (a) one can jointly locally canonize translation and scale, as customary in the scale-selection literature, or (b) one can first canonize translation (by feature selection at the finest scale) and then sample scale (by computing a local description across scales of the same point in space), or (c) first canonize or sample scale, and then for each sample scale canonize translation. It should be noted that (a) is a good selection strategy only for blobs, because in the presence of corners a feature detector based on joint canonization of the translation-scale group results in a non-Morse function that has a continuum of extrema at different positions and different scales. This is reflected in the "traveling feature" phenomenon observed in Fig. 1 .14 on page 26 of [15] . Therefore, this popular procedure [13] is not consistent with the principles of optimal canonization. This might explain why others have advocated forgoing feature selection altogether [14] , or have simply moved to sampling translations, along with scale [34] .
In Section 3 we use a fixed sampling of scale dictated by the computational limitations; rotation is canonizable in the local frame determined by translation and scale, with a variety of canonization mechanisms. However, the projection of the gravity vector onto the image plane provides a natural canonical direction, which we use in Section 3, since an estimate of gravity is available from inertial sensors.
The selection procedure yields a topological tree in scale-space with locations {x i } N i=1 and, for each location, multiple scales {σ ij } N,M i,j=1 . Once rotation is canonized using gravity as a reference, we have a collection of similarity (reference) framesĝ ij = {x i , σ ij , R ij } each identifying a region B σij (x − R ij x i ), where a complete contrast invariant can be computed:
The feature φ(I) is now a multi-component descriptor for the entire image I. Non-invertible nuisances are not canonizable and must be marginalized or eliminated at decision time. In particular, occlusions are marginalized via a combinatorial matching test of collections of features {φ ij (I)} in differ-ent images. Arbitrary changes of viewpoint correspond to diffeomorphic domain deformations that do not constrain the frames {ĝ ij }, making the collection {φ ij (I)} a bag of features. This in part explains the surprising success of this simplistic model, which we adopt in Section 3. One could restrict the allowable scenes geometry, and correspondingly the domain deformations to be affine or projective, in which case marginalization can be performed as a geometrically-validated matching test, by comparing configurations of local reference frames {ĝ ij (t)} in different images. In particular, one makes the hypothesis that there exists a homography H such that x i (t + 1) ∼ Hx i (t) for a subset
that violate this hypothesis are rejected as outliers, and the hypothesis testing can be performed with a variety of schemes, e.g. variants of RANSAC [35] . This stage is too costly to implement on a handheld device and is therefore replaced with a simpler test in our implementation in Section 3. Feature descriptors computed on a test image must be compared with the best descriptor learned from the training set.
Learning best-template descriptors
In order to compute the best template in eq. (2), one needs to average with respect to the nuisances that have not been canonized. The prior dP (ν) is generally not known, and neither is the classconditional density dQ c (ξ). However, if a sequence of frames {ĝ k } T k=1 has been established in multiple training images {I k } T k=1 , with I k = h(g k ξ k , ν k ), then it is easy to compute the best (local) template by averaging, in the case of 2 , or computing the median in the case of (14) where φ ij (I k ) are defined in eq. (13) for the k-th image I k . A sequence of canonical frames {ĝ k } direction, in a region determined byĝ k , according to the nuisance distribution dP (ν) and the classconditional distribution dQ c (ξ), as represented in the training data. This "best-template descriptor" (BTD) is implemented in Section 3. It is related to [13, 14, 16, 17] in that it uses gradient orientations, but instead of performing spatial averaging by coarse binning, it uses the actual (data-driven) measures and average gradient directions weighted by their standard deviation over time. The major difference is that composing our template requires local correspondence, or tracking, of local regions g k , in the training set. If one is given just one image, such motion of local regions g k must be "hallucinated" or somehow simulated, which is what most single-image descriptors actually do, even if implicitly.
Note that, once the template descriptor is learned, with the entire scale semi-group spanned in dP (ν) 8 recognition can be performed by computing the descriptors φ ij at a single scale (that of the native resolution of the pixel). This significantly improves the computational speed of the method, which in turn enables real-time implementation on a hand-held device (Section 3).
Learning priors (and categories)
Instead of having to learn the priors for each object separately during training, we can exploit the training of multiple objects to learn priors that can be shared among objects or categories. Assuming canonizable nuisances have been eliminated (although this is not strictly necessary, hence we will maintain the notation g, ν for all nuisances), the learning procedure consists in solving, to the extent possible, for the model parameterŝ
where we have assumed that n(·) ∼ N ( · ), so the maximum-likelihood solution corresponds to the minimum norm solution, and where the norm · * can be the standard Euclidean norm in the embedding space of all images I − J * = I − J , or -if some nuisances have been canonized -it can be a (cordal or geodesic) distance on the quotient I/G, whereG ⊂ G is the group that has been canonized, or I − J * = ξ (I) −ξ(J) for the case of a cordal distance.
The problem in eq. (15), for the AmbientLambert case, has been discussed in [36] , [37] and [38] in the presence of one or multiple occluding layers, respectively, and in particular in [39] it can be shown to be equivalent (under the Lambertian assumption) to image-to-image matching as described in Section 2.6. Once TST has been performed (yieldingĝ i ), and the residual computed (yieldinĝ ν i ), sample-based approximations for the nuisance distributions can be obtained, for instance
where κ are suitable kernels (Parzen windows). If the problem cannot be solved uniquely, for instance because there are entire subsets of the solution space where the cost is constant, this does not matter as any solution along this manifold will be valid, accompanied by a suitable prior that is uninformative along it. When this happens, it is important to be able to "align" all solutions so that they are equivalent with respect to the traversal of this unobservable manifold of the solution space. This can be done by joint alignment, for instance as described in [40] . When the class is represented not by a single template ξ, but by a distribution of templates, as in category recognition, the problem above can be generalized in a straightforward manner, yielding a solutionξ i at each capture session, from which a class-conditional mixture distribution can be constructed.
An alternative to approximating the density Q c (ξ) consists of keeping the entire set of samples {ξ}, or grouping the set of samples into a few statistics, such as the modes of the distribution dQ c , for instance computed using Vector Quantization, which is the choice we adopt in our implementation in Section 3.
In our implementation in Section 3, objects are learned individually, but a label is assigned by the user by drag-and-drop into icons of previously learned objects. Different objects grouped under the same label are samples of the same object category. In the meantime, some "slack" in our ob- ject model allows recognizing somewhat different objects as one class.
Recognition
Once training has been performed, recognition in a single video frame is performed using standard algorithms, which we discuss in the next section. We currently do not exploit the presence of multiple view during recognition (unlike during learning) because of computational constraints, but straightforward improvements can be achieved by considering classification at each instant as a weak classifier in a boosting framework. In the next section we describe the details of our end-to-end implementation on a mobile device.
Implementation and Experiments
We implemented the recognition system described above and tested its performance in terms of accuracy and computational efficiency. The integration of the tracking on the selection tree(TST) and the best-template descriptors(BTD) enables to run in real-time on a mobile device such as an iPhone, still providing comparable or better recognition accuracy than traditional algorithms.
We have implemented the recognition system described above on an iPhone 3GS with a 600MHz ARM chip CPU. The workflow is summarized in Figure 2 and discussed in more detail in the next subsections. Each image is captured sequentially with a refresh rate of 15 frames-per-second (FPS) in 320 × 240 pixels resolution.
Feature Detection and Tracking
To determine the correspondence of (canonical reference) framesĝ ij (t) as described in Section 2.6, for each scale σ j , j = 0, . . . , 4, limited by computational resources, we perform independent detection of x i (t) as in Section 2.7 using FAST corner detection [41] with size and threshold parameters 9 and 20 respectively, with non-maximal suppression to guarantee proper (spatial) sampling as described in Section 2.6. The rotational reference R ij can be fixed by gravity as described in Section 2.7. Each featureĝ ij . = {x i , σ j , R ij } is scored in decreasing order of structural stability from def. 4, by measuring the scale-normalized distance to the nearest detected feature. Correspondence is established for the translational component x i (t + 1) via a simple (differential) translational tracking algorithm [11] that, starting from the locations selected at the coarsest scale j = 4, provides v i4 (t) such that
for all x i (t) selected at scale j = 4. The new image is then back-warped by −2v i4 (t) in each region B σ3 (x−x i (t+1)), described in eq. (13) . There, we re-select points x i (t + 1) within the back-warped region, and repeat the procedure as described in Section 2.6.
If a topological change occurs at level j (i.e., if the selection mechanism returns none, or more than one isolated extrema at the current scale), the motion v ij is not propagated to level j − 1, and is instead reported as a motion estimate for x i with native scale σ j . From level j − 1 onward, the (multiple, or none) features x i that fall within B σj+1 (x − x i (t + 1)) are used to propagate velocity estimates down until j = 0, as illustrated in Figure 1 (left) .
In order to keep the number of tracked features between 40 and 50, rather than only reporting motion at the finest scale v i0 , we report motion at all scales, v ij , each with its own scale σ j , as illustrated in Figure 1 (top right) .
This approach differs from traditional multi-scale feature detection and tracking as described in Section 2.5 and 2.6. It enables tracking over relatively large baselines as shown empirically in Figure 1 , and improves accuracy and (structural) stability, defined in def. 4 and quantified by the number of inlier matches. A quantitative experiment on real sequences is reported in Section 3.5 and the snapshots of tracking features on a mobile phone are shown in Figure 3 .
The coarsest scale is a 30×40 image, where a onepixel displacement corresponds to 16 pixels at the finest scale, which guarantees the proper sampling condition (Section 2.6) in the majority of cases. Inter-frame motions larger than 16 pixels are usually accompanied by warping (due to the progressive scan capture) and motion blur, which causes the tracker to fail anyway.
In Figure 3 we show snapshots of the feature tracking in green. The feature tracking together with capturing video runs at around 10 frames per second, depending on the number of features. When the number of features drops below 40, the new video frame is slated for a new selection so as to maintain the number of features as close to 50 as possible, and as close to uniformly distributed on the image plane as possible.
A full geometric validation [35] , or a coarser hypothesis test for constant configuration of selected features, can be used for an outlier rejection step. Given a tracked feature, if its neighboring features in the previous frame are tracked as its neighbors in the current frame again with more than a 0.5 threshold ratio, we classify it as inlier, and otherwise reject it as a (partial) occlusion. Feature tracking results are then used to limit the search space for feature detection in the new image. This is in line with a diffeomorphic domain deformation model (Section 2.7).
Feature Descriptors
Once local framesĝ ij are available, we compute descriptors around each one following the guidelines of Section 2.8. For each selected and tracked region, we compute gradient orientation. Instead of building the scale-space for the original SIFT algorithm, we use the image pyramid available from feature detection and tracking. In our implementation we have tested both the standard SIFT descriptor, and the BTD with local contrast normalization (Section 2.8). Both are updated periodically as long as their corresponding frame is being tracked. Due to computational constraints, we limit the number of SIFT descriptors updated at each frame to 5, selected among the features being tracked, whereas the BTD can be computed for every features.
In each case, the descriptors are quantized using a vocabulary tree using hierarchical K-means [42] . We used the training images from the 2009 PAS-CAL [7] , and extracted one million descriptors. The vocabulary tree is built with 4 levels and 8 clusters each, forming 4096 clusters with centers in the leaf nodes. Thus each descriptor can be represented as a short integer.
Recognition in a single video frame
Once a template is learned from multiple video frames, recognition is possible from a single image. We use standard methods consisting of a bag-offeatures model of features φ ij described in eq. (13), compatible with an arbitrary viewpoint change for objects of general shape as described in Section 2.7, supported by the analysis of [1] . The quantized descriptors are used for learning object models, and also for recognizing the objects in a video frame. For scoring a set of features with respect to a certain object, we use a term frequency-inverse document frequency (TF-IDF) scheme, The TF-IDF score of a feature φ ij for an object d is defined as
with tf (φ ij , d) is the term frequency defined as the ratio of n(φ ij , d), the number of feature φ ij in object d, over the total number of features in object d. The inverse document frequency idf (φ ij ) is defined as the log-scale ratio of |D|, the total number of objects, over the number of objects that include feature φ ij . The TF-IDF score is then computed by multiplying this term frequency and the inverse document frequency, modified by substituting #(φ ij , d), the number of features φ ij corresponding to an object, with either 1 or 0, depending on whether the corresponding feature is present or not. This way, a user can take multiple views of an object effectively while learning the model of the object without producing skewed sampling of features from different views. To recognize an object, we compute the TF-IDF score of the set of features and compare against all the learned object models, and choose the object with the highest score. While multiple video frames are indispensable in training, as described in Section 2.9, they are not strictly necessary for recognition. However, they can be beneficial. In our current implementation we perform independent classification for each test image. However, one could treat each image as a weak classifier in a cascade-of-classifier framework [43] .
User interface
During the training phase, a user is allowed to move the device freely, and click on the screen to capture an object. As the user moves the object or the device around, features are being selected, tracked, and descriptors are being stored. Figure 4 shows an example of learning an object model from a mobile phone.
Because scale is a semi-group, with the most informative scale being the native scale of the sensor, learning is typically best performed by looking at the object from a short distance. However, as discussed in Section 2.8 the entire semi-group of scales can be sampled in post-processing, and descriptors generated from multiple scales that will later enable recognition of an object from a distance greater than the one used for learning and not represented in the training set. More importantly, this enables recognition by computing descriptors at a single scale, which can be performed in real-time despite severe resources limitations.
During testing, as the user moves the device, again features are being selected and tracked, and descriptors computed. To expedite processing, we compute the gradient image only around selected features. After we quantize the descriptors using a vocabulary tree, the TF-IDF scheme is used for recognizing objects. In Figure 5 , we show representative examples of recognizing objects on a mobile phone.
Performance
The performance of our system, tested off-line, is qualitatively comparable with algorithms performing at baseline levels on standard datasets such as the Caltech 101 [45] . However, direct comparison is not straightforward because we do not use multiple (supervised) hand-labeled training samples for each category, but instead use multiple images of the same object, relying on the user to sample multiple aspects (viewpoints). Instead, we tested a baseline algorithm on Moreels dataset [44] with multiple view images of object instances; we took a stock implementation of SIFT bag-of-features with spatial pyramid match kernel (SIFT-SPMK) from the VLFeat library [45] that performs at 65% on the Caltech 101 dataset, and tested it on Moreels data where it scored 92.8% correct. In Figure 7 , our TST-BTD approach performs better (TST-BTD 96.0%, TST-SIFT 91.4%), even with far less computational complexity. The experiments are explained below.
First, we compare TST tracking with standard multi-scale Harris corner selection with multiscale Lucas-Kanade tracker, as implemented in the OpenCV, which we refer to as MLK. Representative experiments are illustrated in Figure 1 , and quantitative experiments are reported in Figure 6 and Table 2 . There, it can be seen that our approach is faster (for an equal number of tracked features), more accurate (a smaller median motion error), and considerably more robust (a smaller spread between the mean and the median).
9 With this, the overall recognition that involves capturing images, detecting and tracking features, and calculating descriptors is performed at a rate of about 7 frames-persecond on an iPhone 3Gs.
In Figure 7 we illustrate the comparison of the best-template descriptor with an equivalent SIFT descriptor. To compare the two, we use a set of objects from [44] that have multiple viewpoints and scales. An exhaustive experimental comparison of our template with SIFT, DAISY, Geometric Blur etc. is beyond the scope of this paper. The reason comparison is not straightforward (and, again, perhaps unfair) is because the BTD depends on the training set, unlike other descriptors cited. Therefore, we can construct cases with rich training sequences where the BTD outperforms all other descriptors, even if they are learned on the same set (because we have the advantage of fine correspondence), and vice-versa we can construct poor training sequences where a straight bag of SIFT features computed independently in each video frame outperforms our approach. Representative quantitative experiments are reported in Figure 7 where it can be seen that SIFT and BTD perform similarly in terms of accuracy, but SIFT is significantly more costly to compute. Section 2 presents an analysis that motivates the design choices in our implementation. Table 2 : TST and MLK are compared on short baseline (two adjacent frames) and long baseline (skipping every two or more frames).
objects SIFT-SPMK TST-SIFT TST-BTD Figure 7 : Comparing SIFT and best-template descriptors. A representative sample of the BTD is shown in the left. We generate confusion matrices of using SIFT and BTD, by training objects at one scale and testing for different viewing angles and scales [44] . Performance is similar (some trials go in favor of SIFT, others to BTD, depending on the training sequences), but BTD is significantly faster to compute, as shown in Table 3 .
Tracking Descriptors Overall TST-BTD 40 ms 15 ms 7 fps MLK-SIFT 100 ms 180 ms 3 fps Table 3 : Runtime computation time on an iPhone.
Discussion
We have described a recognition system with integrated feature tracking and object recognition. We have presented an analysis that motivates the design choices in light of attempting to make the run-time cost of the algorithm as small as possible. Our analysis allows us to reach a number of conclusions that are relevant for the design choices that a resource-constrained platform imposes. The need to integrate correspondence, or tracking, into recognition forces us to implement an efficient feature selection and tracking mechanism. Guided by the notion of (Morse) isolation and proper spatio-temporal sampling, we have designed a modified (similarity)-frame detection and tracking algorithm, TST, which is cheaper and better than stock algorithms available, for instance, through the OpenCV and VLFeat software libraries. The besttemplate descriptor, BTD, is designed to be optimal among template descriptors, and outperforms other algorithms as shown in the experiments.
Our BTD assumes that the object is (at least locally) rigid, and domain deformation is due to changes of viewpoint. Thus it is not suited for complex articulated objects such as humans. In that case, the blurred template will lose discriminative power. Instead, one would need to independently track and describe rigid parts, and group them as a coherent entity in post-processing. This is a research program in itself beyond the scope of this paper. filter). However, a non-zero BIBO gain is irrelevant for recognition, because it corresponds to an additive perturbation of the domain deformation (domain diffeomorphisms are a vector space), which is a nuisance to begin with (corresponding to changes of viewpoint [1] ). On the other hand, structural instabilities are the plague of feature detectors. When the Jacobian is singular, |∇ψ| → 0, we have a degenerate critical point, a catastrophic scenario [46] .
Appendix B. Proofs
Below are the proofs of the claims made in the paper.
Proof of thm 1: To show that the descriptor is invariant we must show that φ(I • g) = φ(I). where B σ (x) is a ball of radius σ centered at x, χ is a characteristic function that is written more generally as a kernel G(x; σ), allowing the possibility of more general quantization or sampling schemes, including soft binning based on a partition of unity of Ω rather than simple functions χ. Now, we have where |J g | is the determinant of the Jacobian eq. (7) computed at g, so that the change of measure is dx = |J g |dx. From this it can be seen that the group nuisance commutes with quantization if and only if
That is, the quantization kernel has to be Ginvariant, G(x; σ) = G(gx; σ), and the group G has to be an isometry. The only isometry of the plane is the set of planar rotations and translations (the Special Euclidean group SE (2)) and reflections. The set of isometries of the plane is often indicated by E(2). Proof of thm 5: Noise and quantization are additive, so we have ∂h ∂ν δν = δν, and the gain is just the inverse of the Jacobian determinant, K = |Jĝ| −1 . Per the definition of co-varianat detector, the Jacobian determinant is non-zero, so the gain is finite.
